Abstract. Let K, A be respectively a compact and an element of B(H) the algebra of all bounded linear operators acting on a complex Hilbert space H . In this paper we define the maximal numerical range of the set 
Introduction
Let H be a complexe Hilbert space. Let H 1 = {x ∈ H : x = 1} and B(H) be the algebra of all bounded linear operators acting on H . For B ∈ B(H), Stampfli [7] defined the maximal numerical range W 0 (B) of B by He showed the continuity of the map B −→ c B , B ∈ B(H). Magajna [6] Note that if A = I , then W B (A * B) = W 0 (B). Barraa and Boumazgour [1] showed the equivalence of the following assertions 
Here, co(S) denotes the convex hull of a set S in a vector space and W (B) is the numerical range of B defined by
In this direction, for a compact K and an element A of B(H), we define the maximal numerical range
In the second section we show (Theorem 1) that W K (A * K) is a compact set. For a scalar z 0 , we show (Proposition 1) the equivalence of the following assertions
Where, for any compact S of B(H), S = {B ∈ S : B = |S|} with |S| is the modulus of S defined by |S| = sup B∈S B . Note that S is also a compact set of B(H) and |S| = |S |.
In the case where m(A) > 0 , we show the existence of a class, denoted K A , of compacts K of B(H) such that there exists a unique scalar c K checking one of the three previous equivalent assertions. A such scalar will be called the center of mass of A * K relatively to K , or simply the center of A * K . We also show the continuity in the sens of Hausdorff of the mapp
In the last section we show some inequalities linking |K| and the positive real
The inequalities we get in the multivoque case generalize and improve several inequalities established by Dragomir [4, 5] linking the norm and the numerical radius of B in the univoque case (i.e., K is reduced to a singleton). Throughout, K and A will denote respectively a compact and a non zero element of B(H).
Maximal numerical range of a compact set
where 
By (2.1), (2.2) and using the triangular inequality, we have
The sequenses
We can assume they converge. Let B be the limit of (B p ) p 1 , then we have
We can also assume that the sequense (
By (2.5) and (2.6), we have 
On the other hand,
The previous example suggests the following theorem.
The following are equivalent 
For i ∈ {1, 2, 3} , there exists a sequence (x i,n ) n of elements of H 1 such that
Let λ ∈ C, n ∈ N and i ∈ {1, 2, 3}
by passing to the limit in (2.9), we obtain 
The following of the proof is in two steps.
First step: we show that η < |K |.
It is clair that η |K |. Assume that η = |K |. then there exists a sequence (B n ) n of elements of K and a sequence (x n ) n with x n ∈ G B n for all n ∈ N such that lim n B n x n = |K |.
Since K is compact, there exists a subsequence (B ϕ(n) ) n which converges to some B ∈ K . In addition we have
is bounded, we can assume it converges. Let λ be its limit, by continuity of the map
We deduce that λ 
Then we obtain Re( A * B μ x, x ) = a > t 2 .
PROPOSITION 1. Let K be a compact of B(H) and z 0 be a scalar. The following are equivalent:
Proof. It suffices to replace K by K − z 0 A in Theorem 2.
DEFINITION 2. Let A ∈ B(H) and m(A) > 0. Let K A be the class of compacts K of B(H) such that
holds for some scalar λ K .
This class is not empty since it contains the compacts K = {B} with B ∈ B(H)
, center of mass of A * B relatively to B). We give other examples later.
PROPOSITION 2. Assume that m(A) > 0 . Let K ∈ K A , then there exists a unique scalar c K such that
Proof. By definition of K A , the scalar c K exists. Assume that c K is an other scalar checking the inequality (2.10). Let λ be a scalar, from Proposition 1, we have ,
Take α = c K + c K , we obtain
We deduce that |c The following proposition and example give a sufficient condition not necessary for a compact K of B(H) to be in K A .
PROPOSITION 3. Let K be a compact of B(H) . If there exists B ∈ K and a scalar
Proof. By hypothesis 
We deduce A sup
Since K = K and |K| = A , then
This implies that
K ∈ K A and c K = 0. For all B ∈ K , B − c B (A * B)A = 0 and |K − c K | = A = 0.
DEFINITION 4. Given two compacts K and S of B(H). The Hausdorff distance is defined by h(K, S) = max(e(K, S), e(S, K))
where
PROPOSITION 4. let K , S be two elements of K A , and c K , c S be the centers of A
* K and A * S respectively. Then
Consequently, the map K → c K , K ∈ K A is continuous in the sens of Hausdorff.
Proof. Assume that c S = 0. Since c K is the center of A * K , then
By Proposition 1, we have
Consequently In the following we assume that m(A) > 0 . We give a generalization and improvement of each of the following five theorems established by Dragomir [4, 5] . 
Proof. Put ω = |λ | 2 m 2 (A) − r 2 and δ = |λ |w K (A * K ). By the inequality (3.1),
we have
Divide both sides by the positive real ω , we obtain 
